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Abstract

In this research, we reach new results correlated with quasi convolution of certain
multivalent functions with a fixed point.
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1. Introduction

Let T;(w) denote the class of functions of the form:

oo

a(z-wy -Ya,, (z-w)" (a,>0;a, 20;peN), )

n=1

F(2)

1

F(2) =a,(z-w)y'-Ya,  (z-w)’ (a, >0;a,  20;peN) (2)
n=1

G(z) = b (z—w)’ =Yb,, (z-w)™” (b,>0;b, 20;peN), (3)
n=1
and
G(2) = b, (z—w)’=3b,, . (z=w)"” (b, >0;b, >0, peN). (4)
n=1
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which are analytic in the open unit disc U ={z:\z\ <1} where w is a fixed
point in T.

In [3] Kanas and Ronning introduced classes S; (w) and C; (w)
starlike and convex functions using the normalization f(w)= f'(w)-1=0,
where w e U is a fixed point and if (£ =0, p =1), the following classes of
functions of w-starlike and w—-convex respectively

%}>§, 0<é<p, zeIU},

S (w) = {]—'(z) eT (w): Re{
(z-w)F"(z)

C(w) = {f(z)eT;(w): Re{1+ =0

}>§, 0<é<p, zeU}.
And w is a fixed point in U. Also were introduced Malih and Abed
[4] and Panwar and Reena [5] Various studies on the fixed point.

Now, we define S; (A, B, w) be the subclass of S; (w) for the functions
F(z) in (1), which satisfy:

‘ (z—w) F(2) - pF(2)

<!, (zeU,-1<A<B<1l,0</<land peN),
ApF(z)+B(z —w) F(z)

and a functions % € S;(A,B, w) be in the class C; (A,B,w). Now :
F(z)e S (A,B,w) (-1 A<B<1,0</<land peN) if and only if

Y[U(Ap+B(n+p))+nla,, < ip(A+Ba,. (5)
n=1
Easy to prove that F(z)e C,(A,B,w)(-1<A<B<1, 0</<land
p € N)if and only if

oo

Z{H%} [((Ap+B(n+p))+nla,, < Ip(A+Ba,. (6)

n=1

And the functions F(z) in (1) be in the class S;,r(A,B,w) if and only
if

2[1+ﬂ [(Ap+B(n+p)+nla,, < (p(A+Ba,. @

n=1
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where r is an nonnegative real number.

We note that for every nonnegative real number 7, a class S; (A,B,w)
is nonempty as the functions of the form

) = e - i tp(A+B)a,

n=1

A(z—w)"”,

[1+ Z} [((Ap +B(n+ p))+n]

(ap>0; ZnZOandz/lnle. 8)

n=1
Satisfy the inequality (7). We get that

1. 8 (ABw)=C.(A,Bw) and S ,(A,B,w)=S.(A,Bw),
2. ‘S‘;,r1 (A,B,w) c 8;,r2 (A,B,w) (r.r, 20),

3. S;/r(A,B, w)c S;/y_l(A,B, w)c...c S; (A,B,w)c C;(A,B, w).

As the Hadamard product (or convolution) of F(z) and G(z) is
given by

(F*G)(z)=(G*F)z)=a,b,(z-w)’ - iampbnw (z—w)"”. )

So we know a quasi- convolution for multiple functions
(FxF*. xF+G *G,*..%G,)(z) = K(z) =

d

t d oo t
Ha"'il_llb"'j (z—w)” —EH . an+p,i (z—w)"*. (10)
i= j=

n=1i=1 j=1

note that w = 0, the function F(z) have been introduced by [2], we note
other studies of various other classes with different results in [1, 6, 7].

2. Main Results

Note that in all the following results that -1<A<B<1, zeU, ris
any fixed nonnegative real number, and w is a fixed point in U.

Theorem 1 : Letting a functions F(z) in (2) such that F(z)e S:p,r)(A,B,w)
(Vi=1, 2, n, t) and Letting a functions Gj(z) in(4)suchthat G,(z) € C; (A,B,w)
(Vi=1,2,...,d), then the quasi— convolution K(z)e S;l(M)Hdel(A,B,w).



4 A.A. J. HUSIEN

Proof : By K(z) in (10), must we proved

. (r+1)t+2d-1 t 4
Z{|:1+%:| [f(Ap+B(n+p))+n]|:Han+p,i Hbmp,i}}

n=1 i=1

< (p(A+B) {ﬁam li[bm } (1)

F(2)€ S, (A,B,w), and by (7), then

i[uﬂ [((Ap+B(n+p)+nla, < p(A+Bu, (12)
{1+%}[€(Ap +B(n+p))+nla,,  <(p(A+B, (13)
or
Lp(A+B)

. a ., (14)
n+p,i n pi
[1 + } [{(Ap+B(n+ p))+n]
P
(Vi=1,2,...,t). The right hand side expression of this last inequality
—(r+1)
is not greater that {Hﬂ . Then
" —(r+1)
a. . S[l+—} a ., (Vi=1,2,...,1t). (15)
n+p,i p P

G,(2) € C,(A,B,w) and by (6), then

Z[“ﬂwmpw(nw)wnlbw,jsfp<A+B>bp,j- 16)

n=1

(Vi=12,...,d). we get

-2
b, < {1+3} b .. (17)
, ol b

Letting(15) (Vi=1,2,...,t-1)andi=t, (17) (Vj=1,2,...,d), we have
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(r+1)t+2d-1 t d
2{|:1+%:| [f(Ap+B(n+p))+n]|:Han+p,i Hbﬂ+P/i1}

n=1 i=1 j=1

- (r+1)t+2d-1
<y {[H—} [«Ap+B(1+p))+n]a,,,
n=1
—(r+1)(t-1) -2d ;4
{2 o] i

= i{{1+ p} [4(Ap+B(n+ p))+ n]amp tﬁap . li[bp ]}

n=1 i=1

< Ip(A+B) {Hap,i pr,j}. (18)

Then, we obtain K(z)e S, (A, B, w).

p,(r+1)t+2d-1
We put r = 0 in theorem 1, we have

Corollary 2 : Letting a functions F.(z) in (2) such that F/(z)e S; (A,B,w)
(Vi=1,2,...,t), and Lettingafunctions Gi(z) in(4)suchthat Gj (z)e C;(A, B,w)
(Vj=1,2,...,d). then the quasi— convolution K(z)e S; (A, B, w).

St+2d-1

Corollary 3 : Letting a functions F,(z) in (2) such that F(z)e S; (A,B,w)
(Vi=1,2,...,t), thenthequasi—convolution (F, * F, *...* F,)(z)e S;H (A, B, w).

Corollary 4 : Letting a functions Gj(z) in (4) such that G (z) € C*(A B w)
(Vi=1,2,...,d), then the quasi— convolution (G, *G,*.. *G ) (z)
(A,B,w).

p2d1

Theorem 5 : Letting a functions F/(z) in (2)such that F(z)e S;(A,B,w)
(Vi=1,2,...,t), and Letting a functions G, (z) in (4)such that G (z)eS*
(A,B,w) (Vi=1,2,...,d). then the quasz— convolution K(z)e S
(A,B,w).

pt+(r+1)d-1

Proof : by K(z) in (10), must we proved

B tH(r+1)d-1 t d
2{{1 +ﬂ [{(Ap+B(n+p))+ nl[]_[ A | L 1}

n=1 i=1 j=1



n=1

oo

n
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t d
< (p(A+B) {Hﬂp/i pr,i } (19)
i=1 i=1
As F(z)€ S,(A,B,w), and by (5), then
z[é(Ap +B(n+p))+nla,, , <(p(A+Ba, ., (20)
n=1

(Vi=1,2,...,1). we get
-1
a s{nﬁ} a (Vi=1,2,...b). (21)
n+p,i pi
P
And as G,(z)€ S, (A,B,w) and by (7), then

oo

n=1

(Vj=1,2,...,d).we have

(r+1)
n .
bn+p,j < |:1+;:| bp/i' (VJ = 1,2,...,d). (23)

Letting(21) (Vi=1,2,...,1),(23) (Vj=1,2,...,d-1) and j=d, we have

R t+(r+1)d—1 t d
2{{1+%} [E(AP+B(”+P))+”]{HQ"+/JA wapri:l}

j=1

t+(r+1)d-1
< 2{[1+ } [Z(Ap+B(n+p))+n]bn+pld

n=1

" —t " —(r+1)(d-1) ;4
X {1+;} [1+p} Hap‘ Hbﬂl

i=1

_ 2{[“;} [((Ap+B(n+p)+nlb,, dHap , ﬁbp )}

(24)

</p(A+B) {Hap‘nbp)

Then, we obtain K(z)e S’ (i1 (A, B,w).
We put r = 0 in theorem 5 we have
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Corollary 6 : Letting a functions F,(z) in (2), and a functions G,(z) in (4)such
that F.(z), G,(z) belong to S;(A,B,w) (Vi=1,2,...,t; Vi=1,2,...,d). then

the quasi— convolution K(z)e S;

(A,B,w).

S+d-1
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