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Abstract. In the present paper, we introduce a generalization of subclass of p-valent 

harmonic functions in the open unit disk U, we obtain various properties for this subclass, 

like, coefficient bounds, extreme points, distortion theorem, convex set, convolution 

property and convex combinations. 
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  Introduction:   A continuous complex-valued function defined in a simple 

connected   complex domain  D  is said to be harmonic in D, if both u and v are real 

harmonic in D.    Let be defined in any simply connected domain, where  

and  are analytic in D. A necessary  and sufficient condition for  to be locally 

univalent and sense-preserving in D is that  >  in D. ( See Clunie and Sheil-

Small [6]). 

       Denote by H(p) the class of functions  that are harmonic p- valent and 

sense-preserving in the unit disk U . For   H(p), we may 

express the analytic functions and  as 

 
Let A(p) denote the subclass of H(p) consisting of functions , where  and  

are given by 

 
We introduce here a class  of harmonic functions of the form (1.1) that satisfy 

the inequality 
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where 

 
 

 

 
 

 

 
 

         We deem it worthwhile to point here the relevance of the function class  

  with those classes of functions which have been studied recently. Indeed, we observe 

  that: 

          (i)  (Silverman[10]); (Darus and Al Shaqsi [7]) and 

(Yal in and zt rk ][11]). 

       (ii)  (Ahuja and Jahangiri [1]); 

       (iii)  (Al Shaqsi and Darus [2]); 

       (iv) (Atshan et al. [4]). 

 

         Also, we note that the analytic part of the class  was introduced and 

studied by Goel and Sohi [8]. 

        Also, several authors studied some same properties of various other classes, like, 

Aouf et al. [3], Joshi and Sangle [9] and Atshan and Wanas [5]. 

          We further denote by  the subclass of  that satisfies the relation  

 

 
 

Coefficient bounds 

 

First, we determine the sufficient condition for  to be in the class  

Theorem 1. Let  (  and  being given by (1.1)). If 
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where  and , then  is harmonic p-valent sense-

preserving in U and  

 

    Proof. Let  =  To prove that  

, it is sufficient to show equivalently that                       

 
Substituting for and resorting to simple calculations, we find that 

  

 

 

 

 
and 
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from (2.2) and (2.3), we have 

 

   
 

 

 
      The harmonic functions 
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 show that the coefficient bound given by   

(2.1)is sharp. 

         The functions of the form (2.4) are in  because in view of (2.1), we have 

 

 
 

 

 
 

Now, we need to prove that the condition (2.1) is also necessary for functions of (1.2) to 

be in the class    

 

Theorem 2. Let  , where  and  are given by (1.2). Then   if and 

only if 

 
                                                                                                                   

 

where  

 Proof. Since we only need to prove the   part of this 

theorem. 

Let    Using (1.3), we get  
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If we choose z to be real and   we get  

 

 
Hence  

 

 
which completes the proof of Theorem 2. 

Some properties for the class  

Extreme points for the class  are given in the following Theorem. 

 Theorem 3. Let the function  be given by (1.2). Then   if and only if 

 
where  
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and   

 

 
 

 
 

In particular, the extreme points of  are  and   

 

      Proof. Suppose  is of the form (3.1). Using (3.2)and (3.3), we get  

 
 

 

 

 

 
then  
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and so  .  

Conversely, assume that   Then   

 

 
and 

 
 

Set   

 
 

 

where we have  
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This completes the proof of Theorem 3. 

 

The next, we get the distortion Theorem.  

Theorem 4. Let the function  defined by (1.2) be in the class . Then for  

, we have  

 

 
                                                                                                                                                                         

(3.4) 

and 

 
                                                                                                                                               

              (3.5) 

The equalities in (3.4)and (3.5) are attained for the functions  given by  

 

 
and 

 
 

      Proof. Suppose  . Using (1.1)and (2.1) of Theorem 1, we find that 
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Similarly, we can prove the left- hand inequality. 

This completes the proof of Theorem 4. 

 

Theorem 5. The class  is convex set.  

     Proof. Let the function  be in the class . It is sufficient to 

show that the function  defined by 

 

  + t  

is in the class  

where 

 
since for  

 
 

In view of Theorem 2, we have   
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Hence   

We define the convolution two harmonic functions  and  by 

 
where  

 
and 

 
 

Theorem 6.  For 0 , let   and  . Then 

 

  

 

     Proof. Let the convolution  be of the form (3.6), Then we want to prove 

that the coefficient of  satisfy the condition of the Theorem 2. 

Since   and  , Then by Theorem 2, we have 
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and 

 

 
 

From (3.8), we obtain the following inequalities 

 

 
 

 
 

Therefore,  
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Then  

  and the proof is complete. 

 

Next,  theorem to prove the class  is closed under convex combination. 

Theorem 7.  Let  0  for  and , if the functions  

defined by 

 
are in the class  for every  , then  of the form  

 

 
is in the class  

    

 Proof. Since  it follows from Theorem 2 that 

 
for every  Hence 
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Thus  and the proof is complete.  
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