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A B S T R A C T   

Near Surface Mounted (NSM) fiber reinforced polymer (FRP) technique with rods/strips attached at the bottom 
face (B-NSM) has become widely used method for retrofitting concrete structures but has several practical 
limitations such as accessibility problems and premature debonding. A viable alternative by attaching the NSM 
FRP reinforcement at the side faces (S-NSM) has recently been presented and showed excellent effectiveness in 
limited research studies. In this study, a robust finite element (FE) model, featuring state-of-the art modelling 
techniques and nonlinear properties, is developed to study the flexural behaviour of reinforced concrete (RC) 
beams strengthened with S-NSM FRP bars. After validating its load, strain, and failure mode predictions with 6 
full-size beam experiments, the model was used in an extensive parametric study on 108 new models, evaluating 
the effects of FRP bar diameter (df), strengthening length (SL), groove elevation (hg), tensile steel reinforcement 
ratio (ρs), and concrete compressive strength (fc’). In general, the beam ultimate load (Pu) increased with SL, df, 
ρs, and fc’. The beam ductility also seems to be affected by the studied parameters but in general was satisfactory, 
averaging 2.30 to 2.73. A regression-based formula was presented for the effective FRP bar length, beyond which 
the brittle concrete peel-off failure is prevented, and Pu becomes constant. A sectional analysis was also per-
formed coupled with regression, resulting in the development of a simple equation to calculate the FRP strain at 
beam failure and consequently an improved analytical model for predicting Pu.   

1. Introduction 

It is widely recognized that architecture, engineering, and con-
struction (AEC) industry significantly impact the environment. 
Recently, several studies established strategies to reduce embodied 
carbon in buildings by utilization of low-carbon materials, material 
reuse, recycling, and minimal usage, selection of optimal structural 
systems and structural optimization, and optimization of construction 
operations [1–3]. In conjunction with these strategies in building and 
construction, various studies examined new effective materials to repair 
and strengthen existing structures to reduce CO2 emissions resulting 
from removing and establishing new buildings [4–6]. 

Fiber reinforced polymer (FRP) composites have become a main-
stream method for repairing or retrofitting reinforced or prestressed 
concrete members, due to their high strength to weight ratio, noncor-
rosive nature, ease of handling and installation, and availability in many 
forms and shapes [7–9]. Two methods have been widely used to attach 

the FRP reinforcement when strengthening or repairing concrete work 
in bending, externally bonded (EB) system by adhesively bonding an 
FRP laminate or fabric to the member tension face, and near surface 
mounted (NSM) technique by cutting grooves/slits in the concrete cover 
and inserting FRP rods/strips, typically at the bottom face of a concrete 
member (B-NSM) [10,11]. When comparing the two, NSM method offers 
several advantages such as lower demands for surface preparation; 
better protection against environmental exposure and damage by fire, 
impact, and vandalism; higher debonding strains; easier to prestress or 
anchor; and more effective for strengthening negative moment regions 
of slabs and bridge decks [12–16]. 

Laboratory and field tests, in addition to numerical and analytical 
simulations, have confirmed the effectiveness of B-NSM FRP in 
strengthening concrete members deficient in shear [14,17], flexure 
[7,18], and torsion [19–21]. For example, the static and fatigue per-
formances of RC beams were significantly enhanced when strengthened 
with un-prestressed and pre-stressed B-NSM carbon-FRP (CFRP) bars, 
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with the ultimate load increasing by 50 to 79% [22]. Foret and Limam 
2008 [23] tests also showed a significant increase in strength and stiff-
ness of two-way RC slabs strengthened with NSM FRP rods. Kadhim 
et al. [14] developed a numerical model for reinforced concrete (RC) 
beams strengthened in shear with NSM CFRP bars and investigated the 
effects of concrete strength, NSM and internal steel reinforcement ratios, 
and distance between NSM bars and steel stirrups. Lap-splicing of NSM 
bars, which is an important issue when strengthening long span mem-
bers, was also studied and recommendations for the optimum splice 
length and configuration were given in [10]. Abdallah et al. [7] 
extended the application of NSM FRP system into statically indetermi-
nate members and tested 6 two-span continuous RC beams, varying NSM 
reinforcement ratio, length of NSM bars in the sagging and hogging 
regions, and adhesive material. 

However, B-NSM technique has several practical drawbacks that 
limit its full potential; for example, to avoid premature debonding fail-
ure due to stress overlapping, the member soffit must have a sufficient 
width to accommodate multiple NSM bars and meet minimum code 
limits for groove-to-groove spacing and edge distance [24]. In some 
cases, available width can’t accommodate more than one NSM bar, such 
as narrow double-T beams. In other scenarios, the beam soffit is occu-
pied or inaccessible due to presence of wall partitions, utility services 
such as suspended ceilings, air ducts, and electrical wiring [25]. The 
system is also prone to concrete peeling-off failure where cracks typi-
cally form at the termination point for the NSM bar(s) and progress 
toward the tensile steel reinforcement, causing detachment of the con-
crete cover [15,24,26]. Some research has shown that the debonding 
and peeling-off failures can be mitigated with the use of end anchorage 

Table 1 
Reference beams details and key experimental and FE results.  

Beam 
ID 

FRP bar length (mm) Filling materials Bar elevation (mm) 1 Failure load, Pu (kN) Strain in CFRP 

Exp. FE Exp./ FE Exp. FE 

CB — — —  72.8  71.2  1.02  0.0193  0.0191 
BC1 2700 Epoxy 42  116.0  120.5  0.96  0.0082  0.0094 
BC2 2100 Epoxy 42  106.4  103.7  1.03  0.0044  0.0055 
BC3 2700 Mortar 42  106.0  107.6  0.99  0.0035  0.0037 
BC4 2100 Mortar 42  94.1  94.1  1.00  0.0033  0.0030 
BC5 2700 Epoxy 62  102.7  109.2  0.94  0.0104  0.0093  

1 Elevation is taken as the distance from the centroid of the FRP bar to the concrete bottom face. 

Fig. 1. Reinforcement details and strengthening configurations, for reference beams in [27].  
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bars, U-wraps, or 45◦ or 90◦ hooked-end NSM bars [27]. 
A simple solution to above concerns, used first for EB FRP system 

[28,29] and recently extended for NSM technique, is by applying the 
NSM bars at the beam sides (S-NSM). Hosen et al. [13] tested several RC 
beams strengthened with S-NSM CFRP bars and found the system to 
increase the beam yield and ultimate load capacities by 2 and 2.83 
times, respectively. In another study, CFRP strips were utilized for the S- 
NSM technique instead of rods and were shown to increase the ductility, 
stiffness, and energy absorption capacity of strengthened beams [12]. 
Shukri et al. [30] showed that the system results in a marginally smaller 
ultimate capacity than B-NSM but yields a higher stiffness if it is used to 
strengthen pre-cracked RC beams instead of virgin (un-cracked) sam-
ples. Glass-FRP (GFRP) bars have been utilized for S-NSM FRP system in 
two studies [31] and were shown to be as effective as CFRP counter-
parts. Sabau et al. [15] compared S-NSM and B-NSM systems and found 
the former to be successful in avoiding concrete peeling-off with 
increased beam rotational capacity and energy dissipation at failure. 
Haddad and Yagmour [32] examined trapezoidal and parabolic profiles 
to improve S-NSM resistance to brittle failures. 

Because it is relatively new, S-NSM FRP system has not received as 
much attention as B-NSM FRP or EB FRP techniques, and several 
research gaps are still to be studied before it can be adopted for wide use. 
For example, no finite element (FE) articles could be found on the topic. 
Also, multiple key parameters that might affect the system performance 
and that of the strengthened member are yet to be examined. Of these, 
NSM bar length and its elevation relative to the beam soffit correlate 
with concrete peel-off and debonding failures and thus affect the 
strength and ductility of strengthened member. In this study, a robust 
three-dimensional FE model has been developed for RC beams 
strengthened in flexure with S-NSM FRP bars, featuring state-of-the art 
modeling techniques such as adopting nonlinear material properties and 
simulating FRP slipping and debonding failures. After validation, the 
model was used in an extensive parametric study, examining multiple 
governing variables. Results from the parametric study were also 
compared with an existing analytical model and a new formula was 

developed from regression and presented for the maximum strain in FRP 
bar at failure, which is then used to calculate the ultimate capacity of RC 
beams strengthened with S-NSM FRP bars. 

2. Experimental reference 

RC beams tested by Abdallah, Al Mahmoud [33], were chosen in this 
study to calibrate and validate the accuracy of the presented FE model. 
The experimental program consisted of six beams, one of them was 
without strengthening (control), and five specimens were strengthened 
with S-NSM CFRP bars, having two bar lengths of 210 and 270 mm (or 
0.75 and 0.94 of span), two filling adhesives (epoxy or mortar), and two 
CFRP bar elevations of 42 and 62 mm, Table 1. The beams were tested 
under four-point bending to failure, had dimensions of 150 × 280 ×
2800 (width × depth × span), and were reinforced with 2Ø12 mm and 
2Ø 6 mm tensile and compressive steel rebars, respectively, Fig. 1. They 
were designed to fail in flexure, thus were over reinforced in shear with 
Ø6 mm stirrups spaced at 150 mm, covering the entire shear span, Fig. 1. 
For the strengthened samples, two Ø 6 mm CFRP bars, one in each side 
of the beam, were used as S-NSM reinforcement and were installed in-
side 12x12 mm grooves cut in the side cover with a special concrete saw, 
Fig. 1. 

The concrete properties, determined from material testing reported 
in the study, were 37 MPa for the 28-compressive strength (fc’), 3.0 MPa 
for the tensile strength (ft), and 30.3 GPa for the elastic modulus (Ec). In 
addition, the yield strength, and the modulus of elasticity of steel rein-
forcement were also tested and reported to be 600 MPa and 210 GPa, 
respectively. The tensile strength and Young’s modulus for the CFRP 
bars were 1875 MPa and 146 GPa, respectively [27]. The beams were 
instrumented with load cell to record load, linear variable differential 
transducer (LVDT) to measure deflections, and foil-type strain gages to 
measure CFRP and steel rebar strains at mid-span. The study by 
Abdallah, Al Mahmoud [33] reported a wealth of information to validate 
the FE model results, including load–deflection, and load- CFRP (or 
steel) strain curves, and photos of failure modes. 

Fig. 2. Typical quarter-size FE model for RC beams strengthened with SNSM FRP bars.  
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3. FE model development 

The commercial FE software ANSYS APDL 17.2 [34] was used to 
develop the numerical models for the RC beams strengthened with S- 
NSM CFRP rebars. To minimize computational efforts and computer 
desk space, a quarter-size model was adopted for all validation and 
parametric study simulations. Fig. 2 shows a schematic of a typical 
quarter-size beam FE model, showing the model different components. 
The load was applied as displacement to simulate a displacement- 
controlled loading which is more stable than force-controlled one and 
capable of predicting the post-peak and brittle failure modes [35]. 
Proper displacement restraints were applied at the planes of symmetry 

Fig. 3. Constitutive models for: (A) concrete in compression, (B) concrete in tension; (C) steel and CFRP bars; (D) bilinear normal stress-slip, and (E) bilinear shear 
stress-slip models. 

Table 2 
Bond-slip model inputs for CONTA 173 elements.  

Property Definition Unit Value 

τmax Maximum contact shear stress MPa  7.632 
Gct Shear fracture energy N/mm  4.096 
σmax Maximum normal contact stress MPa  3.650 
Gcn Normal fracture energy N/mm  0.087 
η Artificial damping coefficient —  0.001  
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representing the quarter-size representation, Fig. 2. A mesh sensitivity 
analysis on the control (un-strengthened) beam showed that using a 25 
mm element size for concrete and other parts can result in a good bal-
ance between solution accuracy and computational efforts. The Newton- 
Raphson integration method, with automatic load bisection and itera-
tion, was activated to solve the highly nonlinear behaviour, while a force 
criterion of 5% was selected for convergence. Both material and geo-
metric nonlinearities were considered, providing an accurate simulation 
of possible failure modes such as crushing and cracking in concrete, 
debonding and rupture of S-NSM CFRP reinforcement. The following 
subsections discuss the modelling procedure undertaken in this analysis. 

3.1. Element types 

Brick element “SOLID65”, with 8 nodes and three degrees of freedom 
(DOF) per node along with special features for modelling concrete 
cracking and crushing, were used to represent the concrete beams. 
Similar 8-noded “SOLID185” element was used for the filling adhesives 
and steel plates that were added at loading and support regions to 
minimize stress concentrations and local failure. A two-node truss type 
element “LINK180” was used to model the steel and CFRP rebars and 
shear stirrups. A perfect-bond condition was assumed for the surface 
between steel bars/stirrups and concrete and was modelled by the 
“merge node” option. A contact-target pair, comprising “CONTA173” 
and “TARGE170” elements, was used to simulate the interface between 

Fig. 4. Comparison of load (P) vs. mid-span deflection (Δ) curves obtained from experimental and FE results.  
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concrete and filling adhesive for S-NSM reinforcement, which could also 
experience slipping and debonding failure as observed in multiple 
studies [14,17,19]. When defining the contact-target pair, and following 
ANSYS [34] recommendations, the concrete surface was selected as the 
target surface and the adhesive as contact. A bond-slip relation is 
required for the contact-target pair and will be discussed in Section 3.3. 

3.2. Material properties 

3.2.1. Concrete 
the plasticity model available in ANSYS, based on William and 

Warnke [36] failure criteria, is used to model the concrete beams 
because of its ability to simulate cracking and crushing failures, 

compressive nonlinear behaviour, tension and shear softening across the 
crack face [14]. Kent and Park [37] model is adopted to represent the 
concrete stress–strain curve in compression and is shown graphically in 
Fig. 3(a) for a concrete with fc’=37 MPa. The model consists of a linear 
portion till a stress (fc) of 0.45fc’, a non-linear upward curve until 
reaching fc’, and a linear descending line afterword continuing until a 
stress of 0.2fc’, Fig. 3 (a). Concrete confinement due to shear stirrups is 
incorporated in the model within the slope of the post-peak line [37], as 
a function of the stirrups size and spacing. In particular, the concrete 
volume was divided into regions, (1) an unconfined one comprising the 
hollow concrete box outside of the stirrups and the entire concrete part 
within the constant moment region where stirrups are not used, and (2) 
a confined region representing the inner concrete core within the shear 

Fig. 5. Comparisons of experimental and FE results, curves of load (P) versus strain (εs) in steel bars.  
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span where shear stirrups are present. As shown in Fig. 3 (a), the 
stress–strain curve for confined concrete is more ductile (its ultimate 
strain is larger than that for unconfined concrete), and the ductility of 
the former depends on the size and spacing for shear stirrups [31]. The 
mathematical formulation for Kent and Park model, including the effects 
of confinement, can be viewed in the authors’ previous work [14,38] 
and are not repeated here for conciseness. The concrete is assumed to 
behave linearly in tension until reaching the cracking strength (ft), fol-
lowed by a drop to a stress of 0.6 ft, with a gradual reduction afterward 
to an eventual zero stress at a strain of 6 times that at ft, Fig. 3 (b). It 
should be noticed that while the values reported in [27] were used for fc’, 
ft, and Ec for the beams with fc’=37 MPa, the equations from the 

American Concrete Code (ACI 318-19 [39]) of ft = 0.625
̅̅̅̅

f ′

c

√

and Ec =

4700
̅̅̅̅

f ′

c

√

, were used to obtain numerical values for ft and Ec when other 
concrete strengths were used in the parametric study. The concrete 
Poison’s ratio (vc) was assumed to be 0.18 [40,41]. The open (βo) and 
closed (βc) shear coefficients are needed to define the residual shear 
force transferred in a cracked concrete and were assumed to be 0.2 and 
0.8, respectively [40,41]. 

3.2.2. Steel 
the steel reinforcement was modelled as an elastic-perfectly plastic 

material as shown in Fig. 3 (C), using the yield stress and elastic modulus 
values reported in Section 2 and a Poison’s ratio (vs) of 0.3 [42]. A 
similar model was used for the steel plates at loading and support 

Fig. 6. Comparisons of experimental and FE results, curves of load (P) versus strain (εf) in NSM CFRP bars.  
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locations but without the yielding option. 

3.2.3. CFRP & adhesive 
a linear elastic material model (Fig. 3 (c)) was used for the CFRP bars 

and the filling adhesives, using the material properties reported in [27] 
for each part. A yeilding creteria, similar to that defined in Section 3.2.2 
for steel, was added for the CFRP bars to track the potential rupture 
failure, in which the yiedlnig stress was assumed to be the tensile 
strength of CFRP. This was done because the conventional composite 
damage models for FRP in ANSYS are formulated for shell and solid 
elements, and are not applicable for axial members (e.g. trusses, rods). A 
Poison’s ratio (vf) of 0.3, (va) of 0.35, and (vc) of 0.18 was assumed for 
CFRP rebar, epoxy adhesive, and mortar, respectively [40,41]. 

3.3. Interface modelling 

As mentioned in Section 3.3, both the spring element and contact- 
target pair require an interfacial relationship to define slipping and 
debonding failures of NSM FRP bars. For the contact-target pair defined 
at the adhesive-concrete interface, a mixed-mode debonding model 
where both tangential (shear) and normal (peeling) stresses contribute 
to the debonding failure was adopted due to the effects of beam cur-
vature [43]. The following inputs define the debonding model: 
maximum normal stress (σmax), maximum shear stress (τmax), normal 
fracture energy (Gcn), and shear fracture energy (Gct). These inputs are 
utilized in ANSYS as bilinear bond-slip curves relating the normal (σ) or 
shear (τ) stresses with normal (δn) or tangential (δt) slips, as can be seen 

Fig. 7. Comparisons of failure modes from experimental and FE results.  
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Table 3 
Ductility index (µ) for beams with various reinforcement ratios.  
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in Fig. 3 (d, e). It can be seen from this figure that debonding in either the 
normal or tangential directions starts when the damage parameter dm =

0 and ends when dm = 1. The following equations define the relations 
between σ (or τ) and δn (or δt): 

τt = Ktδt(1 − dm) (1)  

σn = Knδn(1 − dm) (2)  

where Kn and Kt are the normal and tangential contact stiffnesses 
respectively, and dm is calculated from Eq. (3): 

dm =

(
Δm − 1

Δm

)

χ (3)  

with Δm and χ parameters defined as: 

Δm =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅(
δn

δn

)

+

(
δt

δt

)√

(4)  

χ =
δc

n

δc
n − δn

=
δc

t

δc
t − δt

(5)  

where δn and δt are the normal and tangential slips accompanying σmax 
and τmax, respectively, δc

n and δc
t are normal and tangential slips at 

complete debonding, respectively. In this study, δn and δt are assumed to 
be 25% of the respective δc

n and δc
t slips. 

The formulation developed by Seracino et al. [44] is adopted in this 
study to determine the above interfacial inputs required for the mixed- 
mode debonding model, using the following equations: 

τmax = (0.802 + 0.078φ)f ’
c

0.6 (6)  

Gct =
0.976φ0.526f ’

c
0.6

2
(7)  

where φ is the interface aspect and can be calculated from Eq. (8) as a 
function of the groove dimensions: 

φ =
Groove depth + 1 mm
Groove width + 2 mm

(8) 

In addition, given that peeling failure oftentimes occurs in a thin 
layer within the concrete member, σmax was assumed equal to ft. The 
normal fracture energy (Gcn) is determined from CEB-FIB code [45] as 
follows: 

Gcn = Gfo

(
f ’
c

10

)0.7

(9) 

The fracture energies, Gcn and Gct, represent the area under the stress- 
slip curves and thus can be used to determine the slips (δc

n, δ
c
t ) at com-

plete debonding, according to the following equations: 

Gct = 0.5τmaxδt
c (10)  

Gcn = 0.5σmaxδn
c (11) 

Table 2 lists the numerical values for the interfacial inputs, appli-
cable only for the validation models with an fc’=37 MPa. When using 
other concrete strengths in the parametric study, Eqs. (6) to (11) were 
repeated to produce new interfacial inputs. In Table 2, artificial damping 
coefficient (η) is introduced to overcome convergence difficulties that 
are typical with debonding problems [34]. The shear stress-slip (τ - δt) 
relation defined earlier and shown in Fig. 3 (d) was also used for the 
spring element, but the stress was converted into a force based on CFRP 
bar diameter, resulting in a force-slip model. A command subroutine was 
used to introduce the interfacial inputs into ANSYS environment given 
that the contact model is not readily available in the graphical user 
interface setting. 

4. Validation of FE model 

The six beams tested by [27] were simulated numerically and used to 
illustrate the validity and accuracy of the proposed FE model in repro-
ducing the behaviour of RC beams strengthened with S-NSM FRP rein-
forcement. The FE versus experiments comparisons included the 
percentage difference in ultimate load (Pu), load vs. mid-span deflection 

Fig. 8. Load (P) vs. mid-span deflection (Δ) for beams with grooves heights 
(hg) = 42 mm and various FRP bar diameters (df) and lengths (SL). 
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(P-Δ) curves, load vs. steel rebar strain (P-εs) curves, load vs. CFRP rebar 
strain (P-εf) curves, and failure modes. Table 1 lists Pu from testing and 
FE simulation, for each of the 6 beams, and shows that the percentage of 
experimental-to-FE based Pu ranged between 0.94 and 1.03,with an 
average of 0.99 for all, reflecting the model robustness in capturing the 
beam capacity. 

Fig. 4 plots the experimental and numerical P-Δ curves for all beams 
and shows how the model was able to replicate the entire 
load–deflection behaviour and capture various milestones within the 
curves, such as loads at cracking and steel yielding, stiffness at pre- and 
post-cracking and post-yield stages, and deflections at ultimate load. The 
curves for strengthened beams show a mostly bilinear response, with the 
slope and extension of second line dependent on the length and eleva-
tion of NSM bars. Fig. 5 plots the experimental and numerical P-εs where 
(εs) is measured in the tensile rebar at mid-span. A similar plot is shown 
in Fig. 6 for P-εf curves, using the CFRP bar at mid-span also. The figures 
show clearly that there is a good agreement between the measured and 
predicted strain values for the steel and CFRP reinforcements in all 
simulated beams. 

In the experiments of Abdallah, Al Mahmoud [33], three governing 
failure modes were reported; concrete crushing near one of the loading 
points preceded by yielding of tensile steel and excessive concrete 
cracking in the tensile zone for beams CB, BC1, and BC5; slipping and 
partial debonding of CFRP bar for beams with mortar as the filling ad-
hesive (beams BC3 and BC4); and concrete peeling-off failure for beam 
BC2 with a CFRP bar length of 2100 mm. Fig. 7 shows photos of 

observed failure modes from testing and analogous FE stress contours 
and deformed shape, for two representative specimens (BC2 and BC5). 
The figures shows that the model can simulate several failure modes, 
particularly the brittle concrete peel-off. Hence, it can be concluded that 
the proposed FE model is able to capture the performance of RC beams 
bonded to S-NSM FRP technique and can be used in an exploratory 
parametric analysis of several key variables that have not been investi-
gated previously or studied with limited range and scope. 

5. Parametric study 

The validated FE model is used in this section to conduct a para-
metric study into the effects of key variables affecting the behaviour of S- 
NSM FRP strengthened RC beams, namely: FRP bar diameter (df) and 
strengthening length (SL), where SL is measured from the bar termina-
tion point to the nearest loading point as shown in Table 3; groove 
elevation (hg) relative to beam soffit; tensile steel reinforcement ratio 
(ρs), and concrete compressive strength (fc’). The following sub-sections 
discuss the results for the studied variable. 

5.1. Effects of df, SL, and hg 

Three FRP bar diameters (df) were investigated in this study, 6, 8, 
and 10 mm in combination with three groove elevations (hg), 42, 62, and 
82 mm, and five strengthening lengths (SL) of 240 (occasional), 380, 
520, 660, and 800 mm. In total, 42 S-NSM FRP strengthened RC beam 

Fig. 9. Ultimate load (Pu) vs. strengthening length (SL) comparisons for various FRP bar diameters (df) and grooves heights (hg).  
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models were created in this section. Fig. 8 plots the (P-Δ) curves for 
beams with various df and SL values and an hg = 42 mm. It can be seen 
from this figure that increasing df results in a systematic increase in the 
beam yielding and ultimate loads, but an un-significant increase in 
stiffness. Increasing SL for each df results in a consistent and significant 
increase in ultimate load and ductility. For example, Pu increased by 
23% when SL increased from 380 to 800 mm. The increase in Pu of 
strengthened models relative to the control (un-strengthened) beam 
ranged between 44 and 82% and is a function of df and SL. The failure 
mode was yielding of tensile steel reinforcement followed by concrete 
crushing for beams with SL > SLeff, and concrete peel-off for SL < SLeff 
values. The minimum SL length that evades the peel-off failure is of a 
particular importance to the S-NSM FRP system and hereinafter will be 
referred to as the effective FRP length (SLeff). 

Fig. 9 plots the relation between Pu and SL for the strengthened 
beams with various df, and hg values. For each hg, the effects of df on Pu 
seem negligible for short SL values but increase as SL increases, partic-
ularly for SL˃520  mm. For example, at SL = 800 mm, Pu increased by 
7.5%, 12.1%, and 13.0%, for hg = 52, 62, and 82 mm, respectively, as df 
increased from 6 to 10 mm. From Fig. 9 and observing that once the 
concrete peel-off failure is avoided, beams bonded to S-NSM FRP bars 
with equal df and hg would theoretically have an identical Pu regardless 
of bar length (SL). Hence, the effective length (SLeff) can be estimated as 
the length beyond which Pu plateaus. SLeff can be easily extracted from 
Fig. 9 for several cases (e.g., SLeff = 520 mm for df = 6 mm and hg = 62 
mm) but in others it is difficult to determine because concrete peel-off 
failure was still appearing in tandem with concrete crushing and Pu 

was still increasing. SLeff is affected greatly by hg where the larger the 
groove elevation is the more SLeff becoming clear to determine from 
Fig. 9. This is because increasing hg reduces the likelihood of concrete 
peel-off failure where higher embedment elevations offer better 
confinement for the FRP bar and less stress concentrations at bar ends 
[24]. The benefits of increasing hg related to the peel-off failure seem to 
outweigh the expected decrease in Pu associated with the reduction in 
the moment arm as hg increases. For example, at SL = 800 mm and df =

10 mm, Pu only reduced by 2.7% when hg increased by 95% (from 42 to 
82 mm). 

5.2. Effects of ρs 

In addition to the original tensile steel reinforcement ratio (ρs) of 
0.0062 that is used in the reference experiments by [27] and in the 
previous section, two ρs ratios are examined in this section, 0.0027 and 
0.011, representing the minimum and maximum ratios determined ac-
cording to ACI 318-19 [39]. Effects of ρs = 0.011 are not discussed 
further since it resulted in a change of failure mode to shear due to over 
reinforcing the beam in flexure when combining effects of steel and FRP 
bars. Using ρs of 0.0027, 42 new beam models were created, and their 
results compared with those with ρs = 0.0062. Fig. 10 plots the relation 
between Pu and ρs for a bar diameter df of 8 mm and various SL and hg 
values. Increasing ρs 2.3 times from 0.0027 to 0.0062 resulted in an 
average (for all SL values) increase in Pu by 31.4, 58.9, and 38.7% for hg 
= 42, 62, and 82 mm, respectively. A similar plot to Fig. 9 (Pu vs. SL for 
different hg) was also constructed for ρs = 0.0027 but not presented to 

Fig. 10. Ultimate load (Pu) vs. steel reinf. ratio (ρs) for various strengthening lengths (SL) and grooves heights (hg), and bar diameter df = 8 mm.  
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ovoid repeatability and it showed the same trend for the effects of SL and 
SLeff that was observed for ρs = 0.0062. 

5.3. Effects of fc’ 

Besides fc’= 40 MPa that was used thus far, two values of 20 and 60 
MPa, are used in this section to investigate the concrete strength which 
has significant effects on the bond-slip model for NSM FRP bars, con-
crete crushing, and peel-off failures, and the beam capacity. Fig. 11 plots 
the relation between Pu and fc’, for various df and SL values, and hg = 42 
mm. The figure shows that Pu increases significantly as fc’ increases with 
a rate of increase affected by FRP bar diameter and length. In average, Pu 
increased linearly by 167%, 187%, 204%, and 201% when fc’ increased 
from 20 to 60 MPa, when df was either 8 or 10 mm, and SL was 380, 520, 
660, and 800 mm, respectively. For the small 6 mm bar diameter, the 
increase in Pu was slowed at fc’40 to 60 MPa, likely due to the shift in 
failure mode from concrete peel-off to crushing at larger SL (e.g. 520, 
660, and 800 mm). 

5.4. Discussion on ductility 

The ductility index (µ), defined as the ratio between the deflection at 
ultimate and that at steel yielding, is a valuable measure of the mem-
ber’s ability to sustain permanent deformations without sudden failure. 
While previous sections evaluated capacity and failure modes, this part 
examines the effects of S-NSM FRP reinforcement on the ductility of RC 
beams. Table 3 lists the ductility indices for strengthened beams for 

various SL, df, hg, ρs values and fc’=40 MPa. In Fig. 12, the relation be-
tween µ and SL is plotted, for various df and hg values, with ρs = 0.0062 
and fc’=40 MPa. µ can be seen to be decreasing with the decrease of SL 
(Table 3), likely due to the brittle peel-off failure associated with short 
FRP bar lengths. Also, the bar diameter has adverse effects on ductility, 
where smaller df seem to result in higher µ than larger ones. µ seems to 
increase with hg, but the trend is not consistent for all elevations due to 
coupling effects of df and SL, and the governing failure mode. Decreasing 
ρs from 0.0062 to 0.0027 results in a significant increase in ductility for 
most cases as seen in Table 3. In general, S-NSM FRP technique seems to 
furnish adequate ductility, resulting in a minimum, average, and 
maximum µ of 1.16, 2.73, and 4.76 for ρs = 0.0027 and similar 
respective values of 1.08, 2.30, and 3.65 for ρs = 0.0062. 

5.5. Discussion on SLeff 

Following the discussion and methodology presented in section 5.1, 
SLeff was estimated for multiple samples as the bar length where the load 
plateauing occurs. In some specimens, there was a small load increase at 
the transition from the linearly increasing curve where in these cases 
SLeff was estimated as the bar length at which the increase in Pu between 
two successive points is less than 10%. In other specimens, Pu was still 
linearly increasing even when the bar length was equal to the beam 
span, due to the interaction of multiple failure modes, and thus SLeff was 
not possible to extract. After estimating SLeff values, a regression analysis 
was performed to relate its dependence to the variables considered in 
the parametric study and find a simple formula that can be used for 

Fig. 11. Ultimate load (Pu) vs. concrete compressive strength (fc’) for various diameters of FRP bars (df) and strengthening length (SL).  
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design purposes. The following equation was derived as best fit for SLeff 
of S-NSM FRP system and it resulted in an excellent agreement with 
corresponding FE results, yielding a mean of 1.00 and a standard devi-
ation of 0.07. 

SLeff = 193
(

hg

h

)− 0.25

ρs
− 0.33df

0.57f ’
c
− 0.62 (12)  

6. Analytical model 

For the technique to become widely used in retrofit applications, a 
reliable design model is required to accurately predict the member ca-
pacity at different potential failure modes. This section focuses on 
calculating analytically the flexural capacity of RC beams strengthened 
in flexure with S-NSM FRP bars, considering the failure modes and 
variables examined in the parametric study. The model presented in 

Fig. 12. Ductility index (μ) vs. strengthening length (SL) for various FRP bar diameters (df) and grooves heights (hg).  

Fig. 13. Diagram of stresses and strains in a section of S-NSM FRP strengthened RC beams.  
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[33], based on the section analysis concept, is discussed and evaluated 
first. An improved model, considering the effects of concrete peel-off 
failure and effects of various parameters studied in this work on FRP 
strain, is presented and is shown to yield much better predictions than 
those from [33]. 

6.1. Abdallah et al. [27] model 

For S-NSM FRP strengthened RC beams, capacity (Pu) of simply 
supported members with four-point load, can be related to their moment 
capacity (Mu) according to Eq. (13): 

Mu =
Pu

2
× a (13)  

where a is the distance between the applied point load and support (in 
current study a = 800mm). 

The problem proceeds by calculating Mu from force equilibrium and 
strain compatibility principles and using adequate material constitutive 
models for each component [33]. Accompanying the calculations, 
Abdallah, Al Mahmoud [33] made the following assumptions: (1) per-
fect bond between concrete and steel or FRP reinforcements, (2) tensile 
strength of concrete is neglected, (3) ACI-318-19 [39] approximate 
stress–strain models are adopted for concrete and steel, (4) the beam 
fails by concrete crushing preceded by yielding of tensile steel. With the 
forces acting on the beam cross-section as shown in Fig. 13, Mu can be 
expressed as per Eq. (14): 

Mu = Asfy

(

ds −
βc
2

)

+ εf Af Ef

(

df −
βc
2

)

(14)  

whereAs = area of the longitudinal steel reinforcement; fy= yield 
strength of steel; ds= effective depth of tensile steel calculated from the 
extreme compression fiber to the centroid of the tensile reinforcement; 
β= factor relating the depth of the equivalent rectangular compressive 
stress block to the neutral axis depth (c); εf= strain in FRP bars; Af = area 
of S-NSM FRP bars; Ef= FRP elastic modulus; anddf = effective depth for 
FRP bars. 

While several other downstream equations are needed to produce a 
final solution for Mu, they are not shown here for brevity but can be 
viewed in Abdallah, Al Mahmoud [33] study or many other articles 
[10,12,28,31,41]. Predictions of Eq. (13) and (14) for Pu (Pu(pre)) are 
plotted in Fig. Fig. 14 (A) and 15 (A) and compared with the corre-
sponding FE results (Pu(FE)). Fig. 14 (A) shows that predictions from the 
conventional analytical model are un-conservative particularly for short 
SL values, likely because of the brittle peel-off failure that is not 
considered in the model. Fig. 15 (A) plots the relation between 
maximum FRP strain at failure (εf) determined according to the section 
analysis model (predicted εf) (Eq. (13) and (14)) and that obtained from 
the FE analysis (FE εf) and shows a similar conclusion as to that given in 
Fig. 14 (A) regarding the un-conservativeness and results scatter of 
Abdallah, Al Mahmoud [33] model. 

6.2. Proposed model 

The section analysis-based model (Eq. (13) and (14)) needs further 
modifications to improve its predictions of Pu for S-NSM FRP strength-
ened beams. The extensive parametric FE study, totaling 108 models, 

Fig. 14. Comparison between ultimate loads obtained from FE (PFE) and pre-
ductions (Ppre) for: (A) Abdallah et al. and (B) current study. 

Fig. 15. Comparison between maximum strain in FRP bars obtained from FE 
(FE εf) and preductions (Predicted εf) for: (A) Abdallah et al. and (B) cur-
rent study. 
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was used in regression analysis to determine the effects and significance 
of studied parameters (SL, df (taken as a ratio ρf), hg, ρs, fc’) on (εf). The 
following equation, with an R2 of 0.96, was derived for εf: 

εf = 1.8 × 10− 8SL0.72
(

hg

h

)0.4

ρf
− 0.68f ’

c
1.3 (15)  

where hg
h = ratio between groove elevation (hg) and beam height (h), and 

other variables defined in previous sections. 
Fig. 15 (B) shows that εf predicted by Eq. (15) is in close agreement 

with the FE-based εf, resulting in a Mean (εf(FE)/εf(pre)) of 0.99 and 
Standard Deviation (SD) of 0.12, compared to a Mean of 0.69 and SD of 
0.23 for εf predicted by Eq. (13) and (14) using the conventional section 
analysis model proposed in [33]. Fig. 14 (B) shows the relation between 
Ppre and PFE. where the former is calculated (also from section analysis) 
but using εf from Eq. (15) instead from the procedure given in [33]. The 
Mean and SD for Pu(FE)/Pu(pre) where Pu(pre) is calculated using εf from Eq. 
(15) were 1.13 and 0.06, respectively; compared to 0.94 and 0.17 for 
Pu(FE)/Pu(pre) calculated with Pu(pre) from conventional section analysis. 
The better predictions from the proposed model are likely due to 
considering concrete peel-off failure in the FE analysis and including the 
effects of key parameters (from Section 5) in the developed εf formula. 

7. Conclusions 

In this work, a robust FE model is developed to study the behaviour 
of RC beams strengthened with S-NSM FRP system. After validating with 
test results of 6 full-scale beam experiments, the model was used in an 
extensive parametric study evaluating the effects of multiple key pa-
rameters, namely: FRP bar diameter (df), strengthening length (SL), 
groove elevation (hg), tensile steel reinforcement ratio (ρs), and concrete 
compressive strength (fc’). The following conclusions were extracted 
from the study:  

1. The model captured the beam behavior with a good match for the 
load vs. deflection, load vs. steel strain, load vs. CFRP strain curves, 
and failure modes. It is divergence from test result for the ultimate 
load ranged from 0.94 to 1.03, with an average of 0.99 for all 6 
beams.  

2. Increasing df from 6 to 10 mm results in a consistent increase in the 
beam yielding and ultimate (Pu) loads, but negligible effects on 
stiffness. For each hg, the effects of df on Pu seem negligible for short 
SL values but increase as SL increases, particularly for SL ˃520 mm.  

3. Increasing SL from 240 to 800 mm for each df results in consistent 
and significant increase in ultimate load and ductility, with Pu of 
strengthened models increasing by 44 to 82%, relative to the control 
(un-strengthened) beam.  

4. Doubling ρs from 0.27 to 0.62% resulted in an average increase in Pu 
by 31.4, 58.9, and 38.7% for hg = 42, 62, and 82 mm and for all SL 
values, respectively. Using a ρs of 1.1% resulted in a failure change to 
shear due to over reinforcing the beam in flexure when combining 
the steel and FRP bars effects.  

5. Pu increases significantly, by 167 to 201%, as fc’ increases from 20 to 
60 MPa, with the rate of increase in Pu being mostly affected by FRP 
bar diameter and length.  

6. The beam ductility index (µ) increases with the increase of SL, and 
the decrease in df and ρs. Average ductility for all S-NSM FRP 
strengthened beams was 2.73 and 2.3 for ρs = 0.27 and 0.62%, 
respectively, signifying the excellent performance of the system, 
likely due to its effects on reducing the brittle peel-off failure.  

7. The effective length (SLeff), beyond which levelling in load occurs 
due to a shift in failure mode away from the brittle concrete peel-off, 
is determined for the S-NSM FRP system based on regression analysis 
of FE results and presented in a mathematical formulation that 
considers the effects of hg, ρs, df, and fc’.  

8. A sectional analysis was also preformed, and an improved analytical 
model was presented for the ultimate load of S-NSM FRP strength-
ened RC beams, after deriving a regression-based formula for the FRP 
strain at beam failure which considers effects of key parameters. 
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