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Title: Effect of the graphene on the methyl methacrylate beam under lateral low 
velocity impact 

Purpose – This paper presents the potential of using aligned single layer 
graphene sheets to reinforce the methyl methacrylate cantilever beam in low 
velocity impact problem.

Design/methodology/approach – The Halpin-Tsai law is applied to compute the 
mechanical properties of isotropic polymer beam reinforced by aligned graphene 
sheet. Using both longitudinal and lateral displacements in composite beam, all 
components of the stress and strain fields are written. The equations of motion 
are derived by applying energy method, generalized Lagrange equations and Ritz 
method.

Findings – The analytical formulation accuracy is corroborated by comparing the 
present results with those available in the literature. Numerical examples indicate 
that the contact duration is decreased with increasing of graphene volume fraction 
while the values of peak contact force, shear strain and shear stress at peak contact 
force tend vice versa. Also, among the results, shear stress at the peak contact 
force has the most effect with graphene volume fraction changes.

Originality/value – This research fulfils an identified need to investigate how 
graphene reinforced beam behavior subjected to low velocity impact can be 
enabled.

Keywords: Methyl methacrylate, graphene, cantilever beam, low velocity impact, 
energy method.

Article Type: Research paper
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1.introduction

An allotrope of carbon is graphene in the form of a single layer of atoms in a two-

dimensional hexagonal lattice in which one atom forms each vertex. Compared 

to other allotropes such as graphite, charcoal, carbon nanotubes and fullerenes, 

graphene is the basic structural element. Due to its unique optical, electrical and 

mechanical properties, graphene has attracted a great deal of interest from 

researchers in recent years (Li and Kaner, 2008, Huang et al., 2012).

In general boundary conditions, Kiani et al. (Kiani et al., 2013) performed a 

theoretical and numerical procedure to derive response of low velocity impact on 

the FGM beams. Using theoretical formulation, Jam and Kiani (Jam and Kiani, 

2015) carried out analysis about functionally graded carbon nanotube reinforced 

composite beams under low velocity impact.  An experimental study on 

nanocomposite beams reinforced with nano-clay subjected to low velocity impact 

is carried out by Heydari-Meybodi et al. (Heydari-Meybodi et al., 2016).  Based 

on the Extended High Order Sandwich Panel Theory, Salami (Salami, 2017) 

analyzed low velocity impact on the the sandwich beam with carbon nanotube 

reinforced composite face sheets and soft core. Ranjbar and Feli (Ranjbar and 

Feli, 2019b, Ranjbar and Feli, 2018, Ranjbar and Feli, 2019a) analytically, 

numerically and experimentally performed low velocity impact response of 

beams and micro-beams reinforced by uniform and axially functionally graded 

carbon nanotubes based on the classical and modified couple stress theory. In 

order to consider the combined local denting and global deformation, Qin et al. 
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(Qin et al., 2017) presented a theoretical approach for low velocity impact on the 

metal foam core sandwich beams. Based on the rigid-plastic material 

approximation with modifications, low-velocity impact analysis of fully clamped 

sandwich beams with fiber-metal laminate face-sheets and metal foam core 

studied by Zhang et al. (Zhang et al., 2018). Jing et al. (Jing et al., 2019) 

experimentally and numerically investigated response of the sandwich beams 

with aluminum alloy face-sheets and three core configurations includes positive 

layered-gradient core, negative layered-gradient core and non-gradient 

monolithic core. 

In this research, the effect of graphene volume fraction on the response of methyl 

methacrylate cantilever beam under low velocity impact is investigated. The 

extended Halpin-Tsai model is used to determine the material properties of the 

beam. The nonlinear Hertz contact approach is applied to identify contact 

mechanism between impactor and beam surface. Using the first order shear 

deformation beam theory, the strains and stress are written. The equations of 

motion are driven with applying energy method, generalized Lagrange equations 

and Ritz method, and the equations solution is traced in time using the 4th order 

Runge–Kutta approach.

2. Theoretical formulation

2.1 Extended Halpin-Tsai model
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An isotropic polymer beam reinforced by aligned graphene sheets with length, 

width and thickness L, b and h is considered in this article, respectively (Fig. 1). 

The Cartesian coordinates system (x, y, z) is used in center of the beam that this 

beam is subjected to a spherical impactor with radius and mass Ri and Mi, and 

distance of the beam center Xi. The volume fractions of graphene and matrix 

phase are  and , respectively, that are as:𝑉𝐺 𝑉𝑚

𝑉𝐺 + 𝑉𝑚 = 1 (1)

The material properties of an isotropic polymer beam reinforced by aligned 

graphene sheets can be computed by Halpin-Tsai model (Affdl and Kardos, 1976):

𝐸11 = 𝜂1𝐸𝑚

1 + 2(𝑎𝐺

ℎ𝐺)𝛾𝐺
11𝑉𝐺

1 ― 𝛾𝐺
11𝑉𝐺

𝐸22 = 𝜂2𝐸𝑚

1 + 2(𝑏𝐺

ℎ𝐺)𝛾𝐺
22𝑉𝐺

1 ― 𝛾𝐺
22𝑉𝐺

𝐺12 = 𝜂3𝐺𝑚 1

1 ― 𝛾𝐺
12𝑉𝐺

𝜐12 = 𝑉𝐺𝜐𝐺
12 + 𝑉𝑚𝜐𝑚

𝜌 = 𝑉𝐺𝜌𝐺 + 𝑉𝑚𝜌𝑚 (2)

Where ,  and  are the graphene efficiency parameters that can be estimated 𝜂1 𝜂2 𝜂3

by comparing the results of MD simulations and Halpin-Tsai model (Shen et al., 

2017). The parameters G and m shows graphene and matrix, the Young's modulus, 

shear modulus, density and Poisson ratio are E, G,  and ν, the length, width and 𝜌
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effectivity thickness of graphene sheets are aG, bG and hG, and the volume fraction 

is V.  Parameters ,  and  that can be used in Eq. (2) is as:𝛾𝐺
11 𝛾𝐺

22 𝛾𝐺
12

𝛾𝐺
11 =

(𝐸𝐺
11

𝐸𝑚 ) ― 1

(𝐸𝐺
11

𝐸𝑚 ) + 2(𝑎𝐺

ℎ𝐺)

𝛾𝐺
22 =

(𝐸𝐺
22

𝐸𝑚 ) ― 1

(𝐸𝐺
22

𝐸𝑚 ) + 2(𝑏𝐺

ℎ𝐺)

𝛾𝐺
12 =

(𝐺𝐺
12

𝐺𝑚 ) ― 1

(𝐺𝐺
12

𝐺𝑚 )
(3)

2.2 Contact model

The nonlinear Hertz contact model is used to specify the contact mechanism 

between the impactor and the beam  is as (Ranjbar and Feli, 2019a):𝐹𝑖

𝐹𝑖 = 𝐾𝑖(𝑦 ― 𝑤0(𝑋𝑖‚𝑡))
3
2

𝐾𝑖 =
4
3

𝑅𝑖(
1

𝐸33‚𝑖
+

1 ― 𝜈𝑖
2

𝐸𝑖
)

―1

(4)
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Where  is contact stiffness,  is impactor displacement and  is beam 𝐾𝑖 𝑦 𝑤0

displacement in the impact location . Also,  and  are Young’s modulus 𝑋𝑖 𝐸𝑖 𝐸33‚𝑖

of impactor and beam surface in the impact point and  is Poisson’s ratio of the 𝜈𝑖

impactor. Using MD simulations, Lin et al. (Lin et al., 2017) computed the 

transverse Young’s

modulus  for graphene reinforced composites that is used in this article.𝐸33‚𝑖

2.3 Energy method

The first order shear deformation beam theory (FSDT) is used to write the beam 

displacement field (Abrate, 2005):

𝑢(𝑥‚𝑦‚𝑧‚𝑡) = 𝑢0(𝑥‚𝑡) + 𝑧𝜑(𝑥‚𝑡)

𝑤(𝑥‚𝑦‚𝑧‚𝑡) = 𝑤0(𝑥‚𝑡)
(5)

Where ,  and  are the displacement along x, z directions and rotation of the 𝑢0 𝑤0 𝜑

cross section of mid-plane. The stored strain energy (P) and kinetic energy (T) of 

the beam and impactor are as (Ranjbar and Feli, 2018):

𝑃 =
1
2∫

𝐿/2

―𝐿/2
∫

𝐴
(𝜎𝑥𝑥𝜀𝑥𝑥 + 𝐾𝑠𝜎𝑥𝑧𝛾𝑥𝑧)𝑑𝐴𝑑𝑥 +

2
5𝐾𝑖(𝑦 ― 𝑤0(𝑥𝑖‚𝑡))

5
2

𝑇 =
1
2∫

𝐿/2

―𝐿/2
∫

𝐴
𝜌(𝑢2 + 𝑤2)𝑑𝐴𝑑𝑥 +

1
2𝑀𝑖𝑦2 (6)

Where  is shear correction factor,  and  are stress and strain along x 𝐾𝑠 𝜎𝑥𝑥 𝜀𝑥𝑥

direction and  and  are shear stress and shear strain in xz plane (Jones, 2014):𝜎𝑥𝑧 𝛾𝑥𝑧
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𝜀𝑥𝑥 =
∂𝑢
∂𝑥

𝛾𝑥𝑧 =
∂𝑢
∂𝑧 +

∂𝑤
∂𝑥

𝜎𝑥𝑥 = 𝑄11𝜀𝑥𝑥

𝜎𝑥𝑧 = 𝐾𝑠𝑄55𝛾𝑥𝑧 (7)

Where  and  are the transformed reduced stiffness for each layer of the 𝑄11 𝑄55

beam (Jones, 2014).  

2.4 Ritz method

Using the Ritz method (Ansari et al., 2014):

𝑢0(𝑥‚𝑡) =
𝑁

∑
𝑛 = 1

𝑈𝑛(𝑡)𝑁𝑢
𝑛(𝑥)

𝑤0(𝑥‚𝑡) =
𝑁

∑
𝑛 = 1

𝑊𝑛(𝑡)𝑁𝑤
𝑛 (𝑥)

𝜑0(𝑥‚𝑡) =
𝑁

∑
𝑛 = 1

𝛷𝑛(𝑡)𝑁𝜑
𝑛(𝑥) (8)

Where ,  and  are the shape functions to apply geometric 𝑁𝑢
𝑛(𝑥) 𝑁𝑤

𝑛 (𝑥) 𝑁𝜑
𝑛(𝑥)

boundary conditions using the basic functions Ls and Rs. In this article the 

polynomial shape functions are applied (Lin and Xiang, 2014):

𝑁𝑢
𝑛(𝑥) = 𝑥𝑛 ― 1 × 𝐿𝑆𝑢 × 𝑅𝑆𝑢

𝑁𝑤
𝑛 (𝑥) = 𝑥𝑛 ― 1 × 𝐿𝑆𝑤 × 𝑅𝑆𝑤
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𝑁𝜑
𝑛(𝑥) = 𝑥𝑛 ― 1 × 𝐿𝑆𝜑 × 𝑅𝑆𝜑 (9)

2.5 Matrix form of the equations of motion

Finally, using the generalized Lagrange equations (Greenwood, 2006), the matrix 

form of the equations of motion can be written as:

[[𝑀11] [𝑀12] [𝑀13]
[𝑀21] [𝑀22] [𝑀23]
[𝑀31] [𝑀32] [𝑀33]]{ {𝑈𝑛}

{𝑊𝑛}
{𝛷𝑛}} + [[𝐾11] [𝐾12] [𝐾13]

[𝐾21] [𝐾22] [𝐾23]
[𝐾31] [𝐾32] [𝐾33]]{ {𝑈𝑛}

{𝑊𝑛}
{𝛷𝑛}} = { 0

𝐹𝑖𝑁𝑤
𝑛 (𝑥𝑖)
0 }

𝑀𝑖𝑦 = ― 𝐹𝑖 (10)

Where [M] and [K] are mass matrix and stiffness matrix (Appendix) and Eq. (10) 

is a system of 3N + 1 time-dependent coupled nonlinear equations with initial 

conditions:

𝑈𝑛(0) = 0‚ 𝑈𝑛(0) = 0

𝑊𝑛(0) = 0‚ 𝑊𝑛(0) = 0

𝛷𝑛(0) = 0‚ 𝛷𝑛(0) = 0

𝑦(0) = 0‚ 𝑦(0) = 𝑉𝑖 (11)

Where the impactor initial velocity is . In this article, in order to solve the 𝑉𝑖𝑚𝑝

equations of motion, the fourth-order Runge–Kutta method is used. 

3. Validation

Because there is no research about polymer cantilever beam reinforced by aligned 

graphene sheets subjected to low velocity impact, the example of low velocity 
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impact on the FGM cantilever beam that is carried out by Kiani et al. (Kiani et 

al., 2013), is performed using present analytical method. This FGM beam is made 

of metal (Stainless-Steel) and ceramic (Silicon-Nitride) that are distributed along 

the thickness direction. The metal volume fraction is  and ceramic 𝑉𝑚 = 1 ― 𝑉𝑐

volume fraction is  and using the integrating method along the 𝑉𝑐 = (1
2 +

𝑧
ℎ)𝜉

thickness direction are equal to   and , respectively. In this 𝑉𝑚.𝑡 =
𝜉

1 + 𝜉 𝑉𝑐.𝑡 =
1

1 + 𝜉

example, the value of  is equal to 1. The values , 𝜉 𝐸𝑚 = 201.04 MPa 𝜌𝑚 = 8166

 and  and ,  are used. The rigid kg

m3 𝜈𝑚 = 0.32622 𝐸𝑐 = 348.43 MPa 𝜌𝑐 = 2370
kg

m3

spherical impactor with radius, mass and initial velocity 12.7 mm, 30 gr and 0.5 

m/s impact on the center of the beam with length 153.5 mm, width 10 mm and 

thickness 10 mm. The contact force history between present analytical method 

and those are reported in Ref. (Kiani et al., 2013) is illustrated in Fig. 2. As seen 

from this Fig., the maximum contact force is 678 N using present analytical 

method and is 694 N form Ref. (Kiani et al., 2013) with 2.36% relative difference 

which indicates appropriate agreement.

4. Results and discussion

In this article, low velocity impact of steel spherical impactor with radius and 

initial velocity 12.7 mm and 0.5 m/s on the center of the cantilever beam with 

length 153.5 mm, width 10 mm and thickness 10 mm, are considered. The beam 

has 10 layers with stacking (0/90/0/90/0)s and is made of methyl methacrylate 
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(PMMA) reinforced by aligned single layer graphene sheets. The mechanical 

properties of PMMA at 300 K are  =2.5 GPa, =1150 Kg/m3 and =0.34. 𝐸𝑚 𝜌𝑚 𝜐𝑚

The aligned single layer graphene sheets at 300 K with specifications aG=14.76 

nm, bG=14.77 nm, hG= 0.188 nm,  = 0.177,  =4118 kg/m3, = 1812 GPa, ν𝐺
12 𝜌𝐺 𝐸𝐺

11

 =1870 GPa and  = 683 GPa, is used (Lin et al., 2017). The graphene 𝐸𝐺
22 𝐺𝐺

12

efficiency parameters ,  and  and transverse Young’s modulus  for 𝜂1 𝜂2 𝜂3 𝐸33‚𝑖

various volume fractions of graphene at 300 K are presented in Table 1. In this 

article, the value of shear moduli G13 = G23 = 0.5G12, are considered.  

Present section is performed to show the effect of the graphene volume fraction 

rise on the low velocity impact response of methyl methacrylate cantilever beam 

reinforced by aligned single layer graphene sheets. The contact force history of 

methyl methacrylate (PMMA) cantilever beam reinforced by aligned single layer 

graphene sheets for various volume fractions of graphene are illustrated in Fig. 3. 

This Fig. shows that the values of peak contact forces are 170.66 N, 181.98 N, 

200.23 N and 216.86 N for graphene volume fractions 0.03, 0.05, 0.07 and 0.09, 

respectively, and the contact durations are 614.78 μs, 539.82 μs, 485.32 μs and 

460.88 μs, respectively. These results indicate that the peak contact force is 

increased 6.63%, 10.03% and 8.3% and contact duration is decreased 12.19%, 

10.1% and 5.04% with increasing graphene volume fraction from 0.03 to 0.05, 

0.05 to 0.07 and 0.07 to 0.09, respectively. In order to examine the trend of results, 

it can be noted that transverse Young’s modulus E33 is increased with increasing 
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graphene volume fraction in Table 1, also the contact stiffness in Eq. (4) increases 

with increasing and finally the contact force increases in Eq. (4) with 𝐸33‚𝑖 

increasing contact stiffness. 

Time histories of shear strain and shear stress at the impact position are illustrated 

in Figs. 4 and5 at four graphene volume fractions  = 0.03, 0.05, 0.07 and 0.09.  𝑉𝐺

As seen from this Figs., an increase in graphene volume fraction, which result in 

higher shear strain and shear stress at peak contact force. The values of shear 

strain at peak contact force are about -7.402×10-6, -11.736×10-6, -13.335×10-6 and 

-12.234×10-6 corresponding to values graphene volume fractions 0.03, 0.05, 0.07 

and 0.09, respectively, these values are about -0.0347 MPa, -0.0756 MPa, -0.1297 

MPa and -0.1692 MPa for shear stress at peak contact force, respectively. Results 

show that shear strain and shear stress at peak contact force have an increase of 

about 58.55% and 117.87% as the graphene volume fraction increases from 0.03 

to 0.05, respectively, while there is about 13.62% and 71.56% as the graphene 

volume fraction increases from 0.05 to 0.07, respectively, and there is about 8.26% 

and 30.45% as the graphene volume fraction increases from 0.07 to 0.09, 

respectively.

By reviewing the article data one can come to this goal that the trend of peak 

contact force, shear strain and shear stress at peak contact force are the same and 

increase for increasing graphene volume fraction while the impact duration tends 

vice versa. The effect of increasing of graphene volume fraction from 0.03 to 0.05 

on responses are greater than on graphene volume fraction increasing from 0.05 
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to 0.07, and increasing of graphene volume fraction from 0.07 to 0.09 has the 

least effect on response changes. Also, the most influence of increasing of the 

graphene volume fraction is for changing of shear stress at the peak contact force.

5. Conclusions

In this article, the effect of graphene volume fraction increasing on the response 

of low velocity impact on the methyl methacrylate cantilever beam reinforced by 

aligned single layer graphene sheets are investigated. The specific observations 

of this article are:

- There is a good match between this analytical approach and another paper 

data.

- With increasing graphene volume fractions, the peak contact force, shear 

strain and shear stress at peak contact force are enhanced and contact time 

is decreased.

- The most changes in responses is maximum for changing of graphene 

volume fraction from 0.03 to 0.05, followed by 0.05 to 0.07 an 0.07 to 0.09.

- Among the peak contact force, contact time, shear strain and shear stress 

at the peak contact force, the shear stress at the peak contact force has the 

most changing with graphene volume fraction increasing.
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Appendix

The mass matrix arrays are as:

𝑀𝑚𝑛
11 =

+
ℎ
2

∫
―

ℎ
2

+
𝐿
2

∫
―

𝐿
2

𝑏𝜌𝑁𝑢
𝑚𝑁𝑢

𝑛𝑑𝑥𝑑𝑧

𝑀𝑚𝑛
12 = 0

𝑀𝑚𝑛
13 =

+
ℎ
2

∫
―

ℎ
2

+
𝐿
2

∫
―

𝐿
2

𝑏𝜌𝑧𝑁𝑢
𝑚𝑁𝜑

𝑛𝑑𝑥𝑑𝑧

𝑀𝑚𝑛
21 = 0

𝑀𝑚𝑛
22 =

+
ℎ
2

∫
―

ℎ
2

+
𝐿
2

∫
―

𝐿
2

𝑏𝜌𝑁𝑤
𝑚𝑁𝑤

𝑛 𝑑𝑥𝑑𝑧

𝑀𝑚𝑛
23 = 0

𝑀𝑚𝑛
31 =

+
ℎ
2

∫
―

ℎ
2

+
𝐿
2

∫
―

𝐿
2

𝑏𝜌𝑧𝑁𝜑
𝑚𝑁𝑢

𝑛𝑑𝑥𝑑𝑧

𝑀𝑚𝑛
32 = 0

𝑀𝑚𝑛
33 =

+
ℎ
2

∫
―

ℎ
2

+
𝐿
2

∫
―

𝐿
2

𝑏𝜌𝑧2𝑁𝜑
𝑚𝑁𝜑

𝑛𝑑𝑥𝑑𝑧

The stiffness matrix arrays are as:

𝐾𝑚𝑛
11 =

+
ℎ
2

∫
―

ℎ
2

+
𝐿
2

∫
―

𝐿
2

𝑏𝑄11
𝑑𝑁𝑢

𝑚

𝑑𝑥
𝑑𝑁𝑢

𝑛

𝑑𝑥 𝑑𝑥𝑑𝑧

𝐾𝑚𝑛
12 = 0

𝐾𝑚𝑛
13 =

+
ℎ
2

∫
―

ℎ
2

+
𝐿
2

∫
―

𝐿
2

𝑏𝑄11𝑧
𝑑𝑁𝑢

𝑚

𝑑𝑥
𝑑𝑁𝜑

𝑛

𝑑𝑥 𝑑𝑥𝑑𝑧

𝐾𝑚𝑛
21 = 0
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𝐾𝑚𝑛
22 =

+
ℎ
2

∫
―

ℎ
2

+
𝐿
2

∫
―

𝐿
2

𝑏𝑄55
𝑑𝑁𝑤

𝑚

𝑑𝑥
𝑑𝑁𝑤

𝑛

𝑑𝑥 𝑑𝑥𝑑𝑧

𝐾𝑚𝑛
23 =

+
ℎ
2

∫
―

ℎ
2

+
𝐿
2

∫
―

𝐿
2

𝑏𝑄55
𝑑𝑁𝑤

𝑚

𝑑𝑥 𝑁
𝜑

𝑛
𝑑𝑥𝑑𝑧

𝐾𝑚𝑛
31 =

+
ℎ
2

∫
―

ℎ
2

+
𝐿
2

∫
―

𝐿
2

𝑏𝑄11𝑧
𝑑𝑁𝜑

𝑚

𝑑𝑥
𝑑𝑁𝑢

𝑛

𝑑𝑥 𝑑𝑥𝑑𝑧

𝐾𝑚𝑛
32 =

+
ℎ
2

∫
―

ℎ
2

+
𝐿
2

∫
―

𝐿
2

𝑏𝑄55𝑁𝜑
𝑛

𝑑𝑁𝑤
𝑛

𝑑𝑥 𝑑𝑥𝑑𝑧

𝐾𝑚𝑛
33 =

+
ℎ
2

∫
―

ℎ
2

+
𝐿
2

∫
―

𝐿
2

𝑏𝑄11𝑧2
𝑑𝑁𝜑

𝑚

𝑑𝑥
𝑑𝑁𝜑

𝑛

𝑑𝑥 𝑑𝑥𝑑𝑧 +

+
ℎ
2

∫
―

ℎ
2

+
𝐿
2

∫
―

𝐿
2

𝑏𝑄55𝑁𝜑
𝑚𝑁𝜑

𝑛𝑑𝑥𝑑𝑧
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Table 1. The graphene efficiency parameters ,  and  and transverse Young’s modulus E33 𝜂1 𝜂2 𝜂3

for various volume fractions of graphene  at 300 K (Lin et al., 2017). 𝑉𝐺

𝑉𝐺 𝜂1 𝜂2 𝜂3  (GPa)𝐸33‚𝑖

0.03 2.929 2.855 11.842 3.401

0.05 3.068 2.962 15.944 3.663

0.07 3.013 2.966 23.575 4.380

0.09 2.647 2.609 32.816 5.182
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Fig. 1. Schematic of low velocity impact on the isotropic polymer beam 
reinforced by aligned graphene sheets.
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Fig. 2. Comparison of contact force history between present method and Kiani et al. model 
for low velocity impact on the FGM cantilever beam.
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Fig. 3. The contact force history of methyl methacrylate (PMMA) cantilever beam reinforced 
by aligned single layer graphene sheets for various volume fractions of graphene.
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Fig. 4. The shear strain history at the beam impact point, of methyl methacrylate (PMMA) 
cantilever beam reinforced by aligned single layer graphene sheets for various volume 

fractions of graphene.
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Fig. 5. The shear stress history at beam impact point, of methyl methacrylate (PMMA) 
cantilever beam reinforced by aligned single layer graphene sheets for various volume 

fractions of graphene.
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